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ABSTTしへCr

TO鈎 ,κ∞rding o the a6・ ancelnc■ of mctiOnal ttphc
softlⅣ are  programs,  beautiful  graphics  illcluding
mutidimensional poけ hedrOlls with mthematical stucts
h、℃cIIlerged anlong CCs.h fractal is one●lpe of theL
and solne beautim patterlls are being expressed on such
di叩均 S as television and books.■通s paper Epo■ s

geometric demitiOs,expresdoIIs and itt for dlawing
One trpe Of theュ hirighting that this type of wface‐

ひ響hic has geometric smcm(in‐ersiOn and its centeう 。
There tt stin tt prObleIIIs to be soN亀 including how
to obtain its nam, 」ぬt is, hon7 its mss― sccLonal
COttSluon has spnft,l relation a五 direlential geoIIletric

fe― s.For exⅢりle,the wal srace,One Of tthics to
be reported heE,町 have soIIle relation to biogeometv
and also be related with Pace smctllle because tt is a
呻 ed mace derived from h enipse_generalized oval
Ad so,the esseК c ad appilication of real―fon‐order
srace tty be dear and that the∝ 血

"=町
be utilレ ed

おr the dG・ ebpIIlett or鋼け ご technOb」 Cal sOh7are
progams such as CG in oder to cute better civilization
and culuコ ℃in Our space.

Kり ,OrdS:∞Ⅳ e刈け race,pseudotorus,sercЮ ssmg
race,dOuble closed macc,center of ШⅣclsiOn.

1.mODUCTION

h theseぬys,呻 advanced technological som″ a配
pЮg江厖 ha■/e been dwelo藤4 anowing i Ehtivev e町

乳脚 e霧:♂鳳箇認認乳y=
be castt expressed llsmg parameter equatioIIs,К ▼ few・ of
them indicate thc relation between their expressioIIs and

surface positions. This paper reports a denved
cbsedsrace tO be caned the"seyttnt∞IIve澁サ mace"
which can be deflned fbm a plane flgure as is the case
with a p鷲Ⅳlou羹

"FepOrted ovttiこ
These cllrved sraces include the double ck)sed srace
whose illncr palt is ovaloit the fOn Order dace with

the salne shape oftorus and the seLЮssmg srace.Lげ
獲 山 se maces which can be defmed from double circles
with one comined in the other and their positiolls call be
igllled out as properties― millabL o山 ■■・ith parametric

expressЮ ns.

2.SEGヽ 4田NT CONVEX「FY SURFACE

r,O pOints P,Qe刈Ы On a radius vector circulati■ on a
plane with the origin F,when a circle n・ ith the mid‐ point of

segment PQ aS Center and the lenm Of PQ as diameter is
17eracalけ eКCted on the plane to lnove」 騰 FadiuS vectoL
the racc Of ploduced solid lnodel becoIIleS a CWed one.
As slЮw■ in ig.1,flg.4,the cuⅣed sracc as generated in
this wtt shau be refe.lcd to as"serent∞IIvexlty Cace".
AppaFe山,a CtWed mace Obtainedお m a segment with
the∞nstant lenu ncd on a radius 17ector is a torlls,and
r the midttintご PQお F and tt Lコ 山 ofPQお ∞unt
a spherical surface w‐ ith PQ aS diameter is produced.

Fig. l Segment co■ ve刈、rsrace

3.RELA■ON BEIWEEN A RADIUS VECR AND A
SEGヽ征バ町FOR DRAWING AN OVAL olane fl岬 )

T詭
"d as an extended wpe of ellipse call be defmed as acunにd lir■・ith a comant Fati0 0f the distance■ om olle

point"lhnt hm a iXed circk KEbisui,1994).

Hcre,山e fltt to deme the Fati0 0f the oval hne's imer
and outer branches spec通 edけ 加0■Xd Cttbs KEbi血,
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灘
賢¥Кけ'imer tt Outer y

FlP//FIQ is Obtained.

Ll鉗ise,three ptt Fl,P',Q arc∞
llinear.

3.3P100f that an Oval line is dlawnけ P,Q.

h i3 2,r tt Dode」FPTぁぉ載
¶蹴 魚ヾ摺commnt because FlA//012Nl i

総 肥認認瞥卜麗
辮 千T:婦:ls劇

即 2:PA■F2Nl:NlA■F2012:01Fi

難    f軍
←°nStampお valid m

コ降FefO■ ,mrl+n12=mJ call be obtained

Ths 09ssiOn dclll10nsmtes that P e対
sts on Descarte♂

oval line.

Likew・ ise,for Q,mrl‐劇2=mJ call be obtaineこ

3.4 PIOperties Ⅱ Of au直Ltt lines fOr∞ nsmcdOn

[鷺i

Ⅲ
朧 盤 I"ints Fl,Pち

P,聰 c対■ On the sanle

IPrOo4

PIOp.(2)Due to the above―
Inentio■ed prOpeJy, 0″ O visual

／
た
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angles between two pomts Fl,F2fFOm P‐ ,P'are equ.
TheEfore,お m the note cbiSui,1996b),a line P‐ P'passes
the third focal pomt F3 in flg.3.

PIop.(3)Four pomts Fl,Q― ,Qち F2e対st on the salne
cIIcmference.

Pr00珂
Since ∠  FlQ―F2=∠  FlQF2=∠  M2021N2=∠
Ⅳ2'021N21=∠ FlQT2,the above condition is valid.

PIop.“)As the case in o),ahQく 'paSSes the third
focal point F3.

PIop.(5)勁 Ee pOmts Q,F2,Pi a“ con転
IP1001
1n ig. 2, sulce Fl is the center Of similitude,
021M2//012Mll is valid. Fro■ l the condition,
021M2//F2Q, 012Mll騨 can be acquired.TheL
F2Q//F2Pi is obtained

TheFefOFe,three polntC Q,F2,P are collinear.

Prop.6)QttdFangle Q― P‐P'Q' C対 StS On the salne
畿 mference.

IP100珂
Due to tt pFOpctt as sbⅦ in(5)and the rmetric
reh10n of Q_,Q With FlF2,the fono輛 嗅;equation is
valid:

∠ QF2Fl=∠  PT2F3 ・・・ ぅ
Becallse of dle Prop.(1)∠ FlP―P!=∠ PT2F3 … 。 iD
Due to the Prop.(3) ∠ Q―QTl=∠ Q―F2Fl …・ iiin

FFOm COnditiOlls i),五 )and iii),∠ FlP―P:=∠ Q‐QTl iS
valid.職Кfore,a quadrangle Q―P‐PiQi exiStS On tt salne
C」C… e・

Prop.(7)edFangle PT2F3Q' c対 stS On the saIIle
clrcmference.

IPr00fl
From The Prop.(1), (3), (6) and CliffOrd's
theoEmcwaQ198つ ,the abOVe Prop.is 17alid.

4.SEGⅣ田NT CONVEXP SURFACE DERIVED FRONII

…
COMPOSmON OF OVAL EXI「ENDED ELLIPSE

¶R segmentcolⅣenw mace shau be∞nsidered hm the
ひdPhic n‐ith P―,Q―,P:,Q:,Fl,F2,F3beillg∞ ■inear as
shown lll flg.3 of section 3.So,we■ 租 obtain the
equtiolls in fOuowng subsections from flg.4

4.l med race deFiV・ ed■om a serent PQ'On the
radius vector passing the frt foc」 point Fl

With the le■ 典 and pOSition of serent PQ'On the radius
v∝tor FlP'Qち pOm“ Pl,Ql eXl“ On tte∝d line whosc
coordinates aに del■Fd as shown in flg. 4_ The clwed
mace pЮducedけ the Serent PiQ'OI P‐ Q‐)On憮
radius vector passing tt irst focal po」 瞳Fl is as follows:

i)IIlrl■nr2七 け n40) DemitiOn Of bipolar

寧 駆 緊 L亀雷 蹴 町
bⅧ ・

澪∞sines

The se♂腱nt o・ rl動 generatedけ radius vectols rl,■ 1:

satisけ ing i)and五 )and itS mid―poim can be obtaittd as
followぶ

From i),ピ r22="_mrl)2 is valid.herting 122。f五)inO
this eq11,11lon to sort out a telm rl,Jhe fouovrmg eq11,flon

can be obtaird:
面)(ぽ■2>12_2い■1∞sθ X・ rl+拿

2■
Υ¬

From two solmiOns 11,■ 1'of⇒ ,and hm the Felation of
solution and coemcient,the fouo■ 1鴫 expressioIIs orOduct

血輌
T増ミ .、r→

rlC=(■1+rl')/2=(血Ъos θ)c/(m2■
2)

FlR=abs(rl―rll)/2=sqrt((■lC)2_rl・ rll)

(た
2_″2)`2

″2_″ 2

It is used

expEsslons.

(″
2_"2)2

s insteed of

¶EFefO“,sl“
ヽc the Sel興Кnt C01Ⅳ emサ NfaCe in

cludes points on the circle nilh rlC as the(五 mnce betteen
ongm測 the center of tL circle and rlR as FadiuS,lt can

be expressed as follon7si

χ可 lC*COs(s)― rlR*cos(t)*cos(s):
y:可lR*sin(t):
z:=rlC*sm(s)‐ rlR*cos(t)ホ sin(s):
Here,0丘gin llalnes Fl.

This IIIleans fh針 、 y,z are parametric expFeSS1011s of t and

s r the abcⅣ c‐indicated equatiolls are used■71th rlC and

rlR.

Graphical i血 cation of(、 y,の ■itt Maple V is shown in
flg.5.It is a pseudo―toms.

1・ ■R'lt

o oRlGIN

θ  in the above tt fo■ o■喝

Fig.4 DemitiOn Of segmem c01Ⅳ e刈サ srace
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―摯r,キ 印rf土 含ltll11ご
4.2M・ed mace derived flom a serent Q‐ Pl― On the
FadiuS vector pasttg the se∞ nd focal point F2

Points Q‐ ,Pi‐ 函 St on the oval linc whose∞ ordinates are

demed as shOwn in flg.4.Let o五 gin be F2.In the saIIle

wtt as section 4.1,the foll側 η g equatiolls are obtained:

mrl■nr2■k
r14c2.r22… 2cr2・ ∞s(s)

FIom the above exPlessions,■ l is elased:

r2r2'(=K)=(m^2‐ kA2)*(c^2)/(m∧2-DA2)

h FeSult of drav7ing this with Mη le V is shon7n in flg.6.

■ is a sercFOSSmg surfact■・hose part tt opemed as a
window・ .

聴 .6 Ser‐crOsslng surface

4.3Cm℃d srace deFiVed hm se♂Кnts P―P'‐ alld QQ・

on the radius К ctor pttsilng the thirdお cal point F3

With P‐,P,in the salne wtt as section 4 1,鵬 fouo宙喝
eqmtions are obtained hm ig.4:

りヽ翻 c".∞s③
cL(kA2‐nA2)*c/(m^2-nA2)
c'お the dinnce bem7cen Fl and F3

For D expressio■ please Fefer to tt Feferencc(EЫ 魏
1996b).rl Shall be eFaSeと

here c'is notated as c3

c3:=(kA2r2)*c/(mへ 2-nA2):

r3C:=(kA2ホ∞s(s)―IIl*n)キ c3/(k∧2‐n∧2):
r3R:=sqlt(r3C^2‐ (k∧ 2‐m∧2)*(c3∧ 2)/(kA2‐nA2)):

〉 x:=r3C*∞ s(s)―r3R*cos(t)*cos(s):

'I:軍

ざ諸{:1璃R*∞s(t)*dn(s):

The above expFeSSiOn indicated」
"inner brallch of P―

,P'.

As for the outer bralch of Q‐ ,Qゝ n Can be replaced with― n
in this fo団 田h.

‐ Fange Of θ:(s)for(、 y,⇒ in the above
e可

障墨l「TT琴ぽ墨孟鮮′
r3Lcil七 1■2ctl・ cos(ゞ )

cos(s')=c/(kc/m)=m/k

鷺器 箇肥 孵 ;'ボ
;を諄l響秘器)

(kA2))
ssく  s(ss

Here,the expressЮ n of IIIIler bFanCh is m*t that of outer

bFanCh is‐ m*n.

θ l is the angle made by the radius vector of vertex in

"Theolem that the tangen to vertex Of oval une passes」騰

third focal point σbisui,1976)"and itS i面載江 une.

Fig.7 inHicateS a double dosed srace,whOse part is
opened as a windo■7.
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5.PROPERllLS OF CONVEXI「 Y StIRFACE

5.l Four order dace

h section 4,the fo■ owmg―shed parametric cxpressions

I熙蠍■機 賀:。s→

憂盤:―R(cos t)(sin s)
酢c2き

、the iЫ  order expК∬bnば (∞s⇒ 皿Kお a

constam.

F器
翼等器職鍔再ぜ蹴 理翼Tttcnsing S

and t■sults in tte following expressioIIsI

(R cos t cos S)年 (R∞s t sin s)午 (R sin t)2

謡鍔き11毬謙∫轟 l輩2

2C(√ は年ノ))■K+盛、 年z2

HeFe,wpercasc C and K G,1l be inserted for the case of
smion 4.2:
2(A(cos s)+B)(√ (f+ノ ))=K+f句年′

A=―mへ2*c/(m∧2-nA2):B→ c*nキげ(m∧ 2‐nA2)

Both IIlembers shau be squard to Femtte√ :

″ 4等
ず

二
←

午プー 寿
+」lli憂

」i)重
1)2

Here is the fou置l order algebuc ettresslon by(r)
2っ

く
4,y4,ノ  。f sercrOss sJace.For other fowtt order

expressions in sectlon 4.1,相 4.3,the saIIle computation

shau be pefOIIled.

5.2T助E coⅣe理ty ttacc has a center of inverse.

Gene劇町,in plane fl柳 腱s,if rル′1=r2r_9Ld2is valt wheFe

d is a colllstam in lttEoreln of power as shown in flg.8,′
andノ h、c im/eFSC relatioll to cach othe■

The coIL7emサ  race is the cШ ved srace whOse

淵曜騨F∬脳塩 懲』∬朧FT轟器ζ駕
which is dcrived fЮ m this∞mpositio■

of oval line with a radius“ ctor pasSing its foc」 point Fl

(Similar for F2 and F3)ha■
/e ilⅣ erse relation to cach other

with the focal point as center of iⅣ ersionぐbch・00こ

1964).

貯
・
ま淋 ,T冨「駆紳鐵輯i

躙 F簿庶燃韻乳総1艘潔a蹴盤9跳
a center of IⅣ erslon Fl so that aFy ha‐ c inveFSe Felatlo■

to each other. For the sercrOssng and double closcd
sraces,F2ad F3 are centers of im7erSIOL respectiveけ .

6.CONCLUSЮ N

Colrve嶽ヵ folbWing the above― me面oned deducutt a
circle is mde usng a segnx〕 1■ of a radius vector on a

盤
=躍

瑞肌麗 皇寵fi腑蹴
fOm OIder toms lnげ  be extended and double closed
田直ace att self‐ cЮss側直ace mγ make the smcme of
fo面 order∞ Irve刈w Cluved racc mOE clear,and
these血む 証ッbe utilized for the development or mtt of

technologlcal sottare pro邸四厖 such as CG in oder to
CFeate better culm and ci17ilizatio■ コhdks a lot!
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APPENDⅨ

口mttnlt● Os(s)●sq威((kA2・oos(s)‐ mttnlA2‐ (kA

S(s)

「L"‐―          r_メ ).。s(r)壼(s))/(メーメ)>n【 :=

2)|「::き1,1111:,,111]:1lbl:士
●Os(s)+sqn((kAr● OS(s).mttn)A2‐ (kA2‐mAa士 (kA2‐ nA

月r:〓 ●(″ _メ _(F●os(s)一 ″″)●os(s)

+ィ輛r.。s(s)一 ″″)21(″ Iメ )(″丁Jノ )●

"〔

r)●9ギ S))/(メ ーメ)L 
―

‐  ―・
⌒ 一 二 ′′●_▲ A`__ _′   ヽ  二 ヽ`⌒  ′a ▲_    _

月 た =
メ _メ

18-:(31 oos(s)… 21)●os(s)+:`ザ
「
(81 oosts)-21ソ …2004 oos(r)●Os(s)

>ay:=subc(c〓 10,k〓9"rn=7,n=3,FY);

ay:=:イ(81 oos(s)-21)2_m SIn(r)
>a=:=subs(c〓 10,k〓991n〓 7,n=3,I電り;

″:=|:(81 oos(s)… 21-./(81 oos(s)-21)2_2004 oos(r))sin(s)

>SS:〓 ((m★n+sqn((kA2‐ mA2)士 (kA2‐ nA21))/kA2λ

SS:= _)(″ ―メ)

″
*The lnain bOdy ofthis paper can be found on pp。

428-432 ofthesc Proceedings(V01。 2).

1998
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>ssa:〓sub,(k〓99m〓7,n=3,T)輝

口:〓
::+::イ互百百「

>Sa:Farccos(ssa):      sョ

:=arccos〔
:争

+:|      )

[:dト
ロ°Щ は ,晴4: 認T)

)●os(s)→
|:イ (31 oos(s)+11ソ …200嗜 ●os(r)●Os(s)

>bby:=:ubs(C〓 1°
" :  :[   1     :丁

百下耳IFT戸三「五百
“

Sin(r)

「 >b=:〓Subs(c=lo"k=9,日■=7,n=・ 3,El:

|      
力
=:=|:(81 oos(s)+21-イ

質81 oos(s)+21)2=2ロロ暉 .。s(′))sin(s)
E> 鉗 鵬

 :+妻
[ン

Sh=釧J【計Ccoく

■■.m5341 颯4349
"17825:     竃:11&歴柚裁」ポ脚JR
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[>二畳二_:|(81 oos(s)+14)● os(s)+i:                          cOs(r)● Os(s)
>bby:〓subs(c〓 lo,k〓 9,日■〓7,n=‐ 2,FYl;

均 :〓
|:イ

(81 cos(s)■-14)2_2464 sin(r)

>bz:〓subs(c=10,k〓 9,m〓7り n〓‐2,I電 :);

力″電〓
: (81 oos(sI)+14-4/(81 cos(s)■

-14)2_2464 oos(r))sln(3)

>
>ssb:〓 subs(k=9,日■=7"n=‐ 2,ss):

SSbト ギ+妾イ2464
)sb:〓 evalf(arccos(ssb),30):

働 :=1.11521560018802359745160319564

:    壮 裁 リユrR

θ4-′7

γ=―′′
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